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A half-space of an incompressible neo —Hookean [1, 2] material subjected
to a homogeneous bi-axial tension or compression along its boundary, is
considered, A small deformation caused by the action of a smooth rigid
stamp on the boundary of the half-space is superimposed on the  initial
finite deformation, An integral equation is obtained for the contact pressure.
A solution of this equation is obtained for an inclined elliptic stamp with a
flat base, and for an elliptic stamp with a curved base, for the cases when
the extension coefficients in two directions are either identical, or differ litt-
le from each other, The influence of the inital loading on the distribution
of the contact pressure, the displacement of the stamp and the form of the
contact zone, is analysed.

1. Using the relations of the theory of small deformations of anelastic body super-
imposed on a finite deformation [2], we obtain the following equations describing the
deformation of a prestressed, neo —Hookean body:

6 (M2 23 422 28 050 T8 + 2grad p = 0 (1)

diva = 0, u=(u,v,w)

Here x, Y, 2z are the Cartesian coordinates in the initial deformed state, u is the
displacement vector, p is the pressure function appearing in (1. 1) by virtue of the
incompressibility of the material, Ay and A, are the coefficients of the prelimin-
ary extension in the & - and ¥y -directions, and G is a material constant equal to
the shear modulus when the deformations are small,

Equations (1. 1) have been obtained under the assumption that in the initial state
of stress 0, ==0. The remaining two stresses are given in terms of the extension co-
efficients, by the formulas

0r = GO — M), 0, = G (R —ATAT)

The boundary conditions at the boundary of the half-space z == Q are, in the case of
penetration of a smooth rigid stamp are as follows:

w v dw 32 6w (L2
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in the area outside the region of contact, and

b0, T =0, w=0—6r+0y—0(y) (L9

within the region of contact S. Here § denotes the displacement of the stamp, 0,
and 0, are the cosines of the angles of inclination of the stamp [2] and ¢ (Z, ¥)
is a quadratic function describing the surface of the stamp base.

First we shall consider the problem of a concentrated, unit normal force applied
at the coordinate origin and acting on the boundary of the half-space. Applying to
(1. 1) the two-dimensional Fourier transform

[~

(o B,2) = SS f(z,y,2)exp [— i(az - By)] dzdy

we obtain the transform of the normal displacement at the points of the boundary

— A2 (2 — Ay2Agtv?) _
w (a’ ﬁ’ O) = G lp'2 — A}‘Ag‘l‘\?‘ — 2“; (l" = 7~1sz)2] = W ((1, ﬂ) (1. 4)

b= VEFP, v=VidT T

The integralequationfor the constact pressure ¢ (z, y) follows from (1.3) and (1.4)

& — 05z + Oy — @ (2, 9) = (1.9

oo

E:T)TSSQ(E’ ) SS W (a, B)exp {i [a(r —E) +
g

—-—C0

B(y — n)l}dadfdtdn

2, First we consider the case when the preliminary extension or compression is
the same in both directions (A, = A, = A). From (1.4) we obtain

o _ N (M . N (W) ]
w(a,ﬁ,O)——EE—VTT_—ﬁ';—, W(.E,y,O) -—m (2 1
N = 204 (1 4+ A%)

AP A8 4 3A8—1
The integral equation(1. 5) now assumes the form

1 (¢ N (A)a(Em)dEdn
6—92x—|—91y—-q>(:c,y)=IHG—SSV(2:__E)2+(y_m2 (2.2)

S

The kernel of (2. 2) differs from the kemel of the classical contact problem [ 2 —4]
only in the value of the constant multiplier V (A). Since N (1) =1, in the
absence of preliminary deformation the equation (2. 2) coincides with the classical one
(where, since the material is incompressible, the Poisson's ratio should be made equal
to 1/2 ) .

Using (2. 1) we can establish that the coefficient IV (A) decreases monotonously
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over the interval A* << A < oo where A* =~ 0.667 ., When A —A*, N
(M) increases without bounds, i.e. when A —- A* , the compressed half-space loses

its stability. From this it follows that the values of the compression coefficient cannot
be less than A* .,

The solution of the integral equation (2, 2) for the case of an elliptic stamp with
a flat inclined base (¢ (z, y¥) = 0) [2]shows that in the case of a straight (not
inclined) stamp (8; = 6, = 0) a preliminary uniform extension does not affect the
distribution of the contact pressure, but influences the distribution of the displacement
of the stamp. For an inclined stamp the magnitude of the initial extention affects al-
so the character of the contact pressure distribution, Similar phenomena were discover-
ed in the plane contact problem [5].

In the case of an elliptic stamp with a curved base [2] we have

8, =0,=0, ¢(z,y) =2/ Q2R)+ y*/ (2Ry)

where we assume that R, 2> R,.  Just as in the case of an elliptic stamp with a
flat inclined base, the solution of (2, 2) is obtained from the solution corresponding

to the unstressed half-space [2]. From the solution it follows that the initial deforma-
tion does not affect the form of the region of contact, nor the character of the distribu-
tion of the contact pressure. The size of the region of contact and the stamp displace-
ment however, depend on the previous loading, and the preliminary extension (compre-
ssion) reduces (increases) the size of the region of contact and the magnitude of the
stamp displacement,

3. Le us assume that the extension coefficients in two directions differ little from
each other, and let us set

A=Yy M+ A), x=1Y2 (e — M) (3.1)

Assuming that | X [ <€ 1, we simplify the expression (1.4) retaining only the first
order terms in § . We obtain

1 N(A.. o2 —p2
4)\8 (2.9 + 2M 4+ A3 2)

L)) = A - AS T A —1

The coefficient L (A) is positive within the interval A* <C A <C oo in question,
Using the known [6] formula for the Fourier transform of a function of the form/(z?

+ y%)™2 we obtain from (3.2) w (z, y, 0) . The integral equation for the contact

pressure assumes the following form with the accuracy of up to the terms of order %2 :

— e+ Oy —elny) - S,§ el e e S

(?l N2 —(z—ER dzd
M= n)zl"’] Sdn
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Using the examples described in [2 — 4, 7], we can obtain the formulas on which the
solution of (3. 3) is based, e.g.

S(S P e =B gy — 22VI=2 (4 ) E— (4—3¢) K]z

[=3
I

| == i = ZE=S g — e - e K

(4 — 3e?) EJ
Nt —np — e —prazan = == [pE — 2 o)
S

2

K] — -2 ((4 —e) E — (4—3e%) K] — X

Y
a282 ate? (1 — e?)

m—ﬁmmﬁK—@—wmﬂ
r={z—8"+@y—n" R={1—-8/a®—nY[a®(1 — e}/

The integration extends over the elliptic area stretched along the z-axis, with the
major semiaxis ¢ and excentrcity € . The argument € has been omitted from the
expressions for the complete elliptic integrals E and K for brevity,

We seek a solution of (3. 3) for a flat elliptic stamp with an inclined base in the
form

g ) =(et+ af+aen){l —8/a—n?/la®(1 — A} (3.9

Using the conditions of balance between the stamp and the external force (@ we obtain,
to within the terms of order of  y2:

_ Q _ _QNMK )
b= ayi—a 0T e () .5
— 2G 20, .
G- NMaYT—e(K—E) (4 —xf)
a/z — 266201 (1 . sz)

N@)eVI—6[E—(1—e) K]

Here and henceforth we have

L(}) 2E— @2 —e)K L) (4—e)E—(4—33)K

fo = N (A) K v h= N (%) 2 (K — E)
L) (b —e)K— (4— 32 E
fo= N (W) 2K —e2 (1 —eH K

For a curved stamp of elliptic cross section in which the principal axes of the
surface coincide with and =z, ¥ -axes, the solution of (3. 3) satisfying the condition
of equilibrium of the stamp , has the form

ﬂ&mz—aigz:{1_i;_ﬁgﬁfﬁw (3.6)
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Substituting (3. 6) into (3.3), we arrive at a system of equations for determining the
constants e, a and 0

3N (MK 1 3QN (M(K —E)
6 = LTCIE (1 4 fo) R = e (L + xf) (3.7)
1 3QN(ME—(1—e)K]
2R2 - 8“00362(1——82) ( +xf2)

and the solution of (3. 7) should be sought in the form

e = ¢q? + rew® + ..o, a = aqp) + Yam + ... (3.8)
8 =6y + %0+ - .-

where zero index indicates a known solution of the problem studied in Sect, 2 for a
body subjected to uniform extension. Since the integral equation (3. 3) holds with the
accuracy only to within the terms of order %2 , it is sufficient to compute in (83, 8)

ew, aty and Oy

As an example we shall compute the excentricity of the region of contact for a stamp

of circular cross section (R, = R,) . Dividing the second equation of (3.7) by the
third, substituting into the resulting expression the expansion (3. 8) and remembering
that ecoy = 0 we obtain, neglecting the terms of order of %2 and higher,
L3

e = 3 ) Arriey N (&) (3.9

The right hand side of (3.9) is positive within the admissible interval A*<C A< oo
when % are positive, This means that the assumption made above that the region of
contact S is stretched along the & -axis, is valid for A, >> A;. Thus the region of
contact in the case of imbedding of a curved stamp of circular cross section, is bound-
ed by an ellipse stretched in the direction of the axis which undergoes a smaller exten-
sion,
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